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Abstract

The temporal evolution of buoyancy-driven convection in an initially quiescent and stably-stratified fluid layer confined betw
horizontal plates is investigated theoretically. After the temperature of the bottom plate is increased suddenly to a higher one,
driven convection appears at a certain time. In order to trace the related time-dependent thermal behavior, the Boussinesq equation
solved numerically by using the finite element method to examine the growth rates of the basic temperature field and its fluctua
time. Based on the numerical results, the characteristic times to mark the onset of intrinsic instability, the first detection of convectiv
and the ensuing manifestation of convection are illustrated by a set of new parameters suggested here. The latter two characteristic tim
discussed in comparison with the experimental data available in the literature.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Natural convection is encountered in a variety of ind
trial systems involving heat and mass transfer, as well a
nature. The related convective instabilities have been inv
gated extensively since the beginning of the 20th centur
2]. But, in a rapidly developing and nonlinear temperat
field the related instability phenomenon still remains un
solved because of its inherent complexity.

In horizontal fluid layers heated rapidly from below buo
ancy-driven convection appears at a certain time. In s
transient systems it is important to predict the characte
tic time, tc , to mark the onset of convective instability, i.e
intrinsic instability. For timest � tc, dangerous instabili
ties can grow until the first convective motion is detected
t = tD . Then, an undershoot time,tu, in the plot of the heat
ing rate versus time will be observed, which indicates
deviation of the Nusselt number from that in the conduct
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state. Morton [3], Foster [4], Jhaveri and Homsy [5], Tan a
Thorpe [6], and Choi et al. [7,8] conducted the related in
bility analysis by using, respectively, the frozen-time mod
amplification theory, stochastic model, maximum-Rayle
number criterion, and propagation theory.

In the present study, the onset of convective motion in
initially quiescent and stably stratified fluid layer betwe
two horizontal plates is analyzed. This specific problem wa
analyzed based on the amplification theory by Ueda et a
[9], who measured the detection timetD by flow visualiza-
tion and also temperature measurement. Kim et al. [10] an
alyzed the same problem based on the propagation th
which deals with the instability problems of developing a
nonlinear temperature profiles for large Rayleigh numb
It has been shown that for large-Prandtl systems the ex
imental undershoot time is approximately four times lar
than the predicted critical time for the onset of the fas
growing instability. But, the above analyses based on
amplification and the propagation theories require a fur
justification. Accordingly, in the present study we have e
ployed the finite element method(FEM) to identify the char-
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Nomenclature

a dimensionless horizontal wavenumber
A,B amplitudes of temperature and velocity

fluctuations
E0 energy identity of mean fields
E1 energy identity of fluctuations
H thickness of the fluid layer . . . . . . . . . . . . . . . . m
Nu Nusselt number
p dimensionless pressure,= PH 2/(ρα2)

P dynamic pressure . . . . . . . . . . . . . . . . . . . . N·m−2

Pr Prandtl number,= ν/α

Ra modified Rayleigh number,
= gβ(Tb − Ti)H

3/(αν)

r0 temporal growth rate of mean fields
r1 temporal growth rate of fluctuations
S area of the bottom plate . . . . . . . . . . . . . . . . . . m2

t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
Tb temperature of the bottom plate . . . . . . . . . . . . K
Ti initial temperature of the bottom plate . . . . . . K
Tu temperature of the upper plate . . . . . . . . . . . . . K
�T step change in the bottom temperature,

= Tb − Ti . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
u dimensionless velocity vector,= uî + vĵ + wk̂
U velocity vector . . . . . . . . . . . . . . . . . . . . . . . m·s−2

w dimensionless vertical velocity
x, y, z dimensionless Cartesian coordinates

Z vertical distance . . . . . . . . . . . . . . . . . . . . . . . . . . m

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

β thermal expansion coefficient . . . . . . . . . . . . K−1

�T thermal penetration depth . . . . . . . . . . . . . . . . . m
γ temperature ratio,= (Tu − Ti)/(Tb − Ti)

ν kinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

θ dimensionless temperature,= (T − Ti)/�T

ρ fluid density . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

τ dimensionless time,= αt/H 2

τD dimensionless detection time of motion
τm dimensionless time whenr1 reaches

the maximum
τu dimensionless undershoot time

Subscripts

c critical state
D detection
rms root-mean-square quantity
0 basic state of conduction
1 perturbed state
∗ normalized fluctuation

Superscripts

∗ amplitude function or propagation theory
′ fluctuation
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acteristic times(tc, tD, tu) to a certain degree in compariso
with the experimental results of Ueda et al. [9].

2. Onset of convective instability

The system considered here is an initially stably-strati
horizontal fluid layer of thicknessH , as shown in Fig. 1. Fo
times t � 0, the conduction field has a linear temperat
profile withT = Ti atZ = 0 andT = Tu atZ = H . The fluid
layer is heated from below to a higher temperatureTb (> Ti )
at Z = 0 for t > 0. The important parameters describi
the present system are the Prandtl numberPr, the modified
Rayleigh numberRa, and the temperature ratioγ . For a
high�T (= Tb − Ti), the nonlinear developing temperatu

Fig. 1. Temperature profiles in conduction state.
profiles of the conduction regime are formed and the
buoyancy-driven convection sets in at a certain time.
governing equations of the flow and temperature fields in
convection regime can be expressed in dimensionless
with the Boussinessq approximation as follows:

∇ · u = 0 (1)(
∂

∂τ
+ u · ∇

)
u = −∇p + Pr ∇2u + Pr Raθ k̂ (2)

(
∂

∂τ
+ u · ∇

)
θ = ∇2θ (3)

with the boundary conditions,

u = ∂u
∂z

= 0, θ = 1 atz = 0 (4a, b)

u = ∂u
∂z

= 0, θ = γ at z = 1 (5a, b)

whereθ , p, τ , andu denote, respectively, the dimensionle
forms of the temperatureT , the dynamic pressureP , and
the velocity vectorU. Here, k̂ represents the vertical un
vector, the fluid densityρ used is the value atT = Ti , and
the dimensionless Cartesian coordinates(x, y, z) have the
scale ofH .

As it is well known, at the fully-developed state therm
convection exists forRa(1 − γ ) � 1708 with γ < 1. For
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γ = 1, the fully-developed state becomes an isothermal
For γ > 1, the upper boundary temperature is higher t
the lower one and, therefore, incipient motion will disappea
asτ → ∞. But, for a largeRathe transient motion sets in
a certain time.

For a low Ra, the incipient convective instabilities a
well illustrated by the propagation theory, which model e
ploys the normal-mode analysis under linear theory. In
itesimal disturbances are assumed to exhibit the horizo
periodicity, and the dimensionless vertical velocity dist
bancew1 and the dimensionless temperature disturbancθ1
can be expressed as[
w1(τ, x, y, z), θ1(τ, x, y, z)

]
= [

w∗
1(τ, z), θ∗

1 (τ, z)
]
exp

[
i(axx + ayy)

]
(6)

where i is the imaginary unit and the dimensionless ho
zontal wavenumbera has the relation ofa = [a2

x + a2
y]1/2.

The propagation theory is based on the assumption th
deep-pool systems the incipient temperature disturba
are propagated mainly within the thermal penetration de
�T at the onset time of thermal instability. Therefore, all
variables and parameters having the length scale are res
with �T . The self-similar transformations are forced a
therefore, the stability criteria are obtained easily. For
present system, the resultingτc- andac-values have been il
lustrated by Kim et al. [10]. In the present study, theirτc-
values are referred toτ ∗

c . Since this model does not pro
vide τD , or τu, explicitly, we have employed the numeric
method here.

3. Numerical simulation

3.1. FEM

We have solved the governing equations (1)–(3) by us
the Galerkin finite element method, and only considere
two-dimensional cellular motion with horizontal periodici
Accordingly, one convection cell was chosen, the s
boundaries of which were assumed to have stress
and adiabatic conditions describing the horizontally infin
layer. The penalty function method was applied to so
the pressure velocity coupling, where the pressure
the continuity equation are related by the relationp =
−λ(∂v/∂y + ∂w/∂z). To satisfy the convergence conditio
the penalty numberλ was fixed toPr ×108. In order to solve
this transient problem, the implicit predictor/multicorrec
algorithm associated with the Newton–Raphson scheme
adopted and the first-order time increment was used.
number of elements was 40×36 and finer meshes were us
near the top and bottom boundaries to guarantee the phy
validity. Also, to ensure the numerical stability, a time s
of �τ = 10−5 was used. In the associated Newton–Raph
scheme, the convergence was assumed when the no
residuals and correctors was smaller than 10−5 at each time
step.
l

d

l

f

3.2. Averaged equations and fluctuations

The velocity and temperature fields can be described

u = 〈u〉 + u′ (7)

θ = 〈θ〉 + θ ′ (8)

where〈·〉 denotes the horizontal means, withu′ andθ ′ being
the velocity and temperature fluctuations, respectively. Wit
their extremely small values, they lead tow1 and θ1 in
Eq. (6), and it is known that〈u〉 = 0.

For the present time-dependent problem the selectio
the initial conditions is very important. The two-dimensiona
fluctuations are assumed to show periodic patterns
Eq. (6):
[
θ ′,u′] ∼= [

A(τ)θ∗(z),B(τ)u∗(z)
]
exp

[
i(ay)

]
for 0� τ � τc (9)

whereA andB are the amplitudes. Hereθ∗ andu∗ repre-
sent the normalized temperature and velocity fluctuatio
respectively. The initial conditions constructed atτ = 0 are:
θ ′ = A(0)θ∗(z)cos(ay), v′ = B(0)(∂w∗(z)/∂z)a sin(ay)

andw′ = B(0)w∗(z)cos(ay), whereA(0) andB(0) are the
initial amplitudes of the fluctuations. The calculations w
initiated with the stability criteria obtained from the prop
gation theory [10]. But, it was assumed thatθ∗(z) andw∗(z)
would not change during 0� τ � τc, which means that th
unique disturbance patterns are decided with the conve
τc-value during 0� τ � τc by iterating the calculations wit
the newly obtained patterns. Since we do not know the ac
initial conditions, the numerical quantities forτ < τc may
not represent the actual phenomena, but the critical on
τ = τc should be valid.

3.3. Onset of intrinsic instability

Based on the above notations of velocity and tempera
fields, the energy identities can be expressed as

E0 = 1

2

∫
V

(〈u〉2 + 〈v〉2 + 〈w〉2 + b Pr Ra〈θ〉2)dV (10)

E1 = 1

2

∫
V

(
u′2 + v′2 + w′2 + b Pr Raθ ′2)dV (11)

where E0 is the energy identity of the mean fields, a
E1 is that of its fluctuations, which are function of tim
only. Furthermore,V represents the volume of the syste
considered. In the energy method, which has been
illustrated by Joseph [11],b = 1 is usually adopted. In
order to observe the time-dependent behavior of ther
convection, the following temporal growth rates of the ab
energy identities are defined:

r0 = 1

E
1/2

dE
1/2
0

dτ
(12)
0



820 C.K. Choi et al. / International Journal of Thermal Sciences 43 (2004) 817–823

1)
th

are
ates
ctu

re
n

t of

the
at
the

is
th

as

the
r

tic

iven

tate
g
with

ed in

14)
e
ional

is

rting
to a

r

for
he
their

7)
lds

at
ed
sent

n
istic

ith

t

r1 = 1

E
1/2
1

dE
1/2
1

dτ
(13)

For Pr → ∞, the kinetic energy in Eqs. (10) and (1
is relatively very small and, therefore, the temporal grow
rates of the energy identities reduce to

r0 = 1

〈θ〉rms

d〈θ〉rms

dτ
(14)

r1 = 1

θ ′
rms

dθ ′
rms

dτ
(15)

where the subscript ‘rms’ refers to the root-mean-squ
quantity. These quantities may be called the growth r
of the averaged temperature and that of temperature flu
ations. Similarly, we definew′

rms as the root-mean-squa
quantity ofw′. The amplification factor in the amplificatio
theory is usually defined as the ratio ofw′

rms to its initial
value.

Here, we suggest that the critical condition of the onse
intrinsic instability is represented by

r1 = r0 atτ = τc (16)

which means that the characteristic cellular motion ofa = ac

that would satisfy equations (9) and (16) would set in at
converged earliest timeτc. It should, however, be noted th
the stability criteria from the propagation theory satisfy
condition ofr1 = r0 at τ = τ ∗

c . With γ = 0, r0 approaches
1/(4τ ) for τ → 0. The system is assumed stable withr1 < r0
but unstabler1 > r0. In the frozen-time model, the system
stable withr1 < 0 and the thermal instability sets in wi
r1 = 0.

3.4. Undershoot time

In the present study, the Nusselt number is defined
follows:

Nu= 1

S

∫
S

(
−∂θ

∂z

)
z=0

dS (17)

where S is the surface area of the bottom plate and
characteristic length is the layer depthH . When heat transfe
is controlled by conduction only,Nu approaches(1 − γ )

as τ → ∞. But with strong convection,Nu deviates from
its conduction solution and has a minimum atτ = τu The
undershoot time,τu, is frequently used as the characteris
time to represent detection of convection regime.

3.5. Simulation

With the initial temperature amplitude ofA(0) = 10−3,
the present system was simulated numerically for a g
Ra andγ with Pr → ∞. The aboveA(0)-value yields the
maximum w- and theNu-values, which agree well with
the available experimental data for the fully developed s
for Ra< 104 with γ = 0. Also, the linearized governin
equations were solved and the results were compared
-

the nonlinear ones. The related equations are describ
detail in the work of Kim et al. [10].

4. Results and discussion

The numerical simulation results by the FEM withPr →
∞ andA(0) = 10−3 are reported here. Based on Eqs. (
and (15), the stability criteria to satisfy the condition (16) ar
assumed to represent the fastest growing, two-dimens
instability in the form of regular cells.

For Ra = 105, the growth behavior of fluctuations
shown in Fig. 2. For smallτ , w′

rms and θ ′
rms have each

almost the same magnitudes as their initial ones. But sta
from a certain time, they experience a sudden increase
maximum before they decrease with time. Withγ = 0.6, the
growing process is delayed but the earlier behavior ofθ ′

rms
is almost the same as that ofγ = 0. Mahler and Schechte
[12] mentioned that a reasonable choice of initial conditions
would be a representation in which there is no tendency
the initial velocity perturbation to either grow or decay. T
present results are supported to a certain degree by
statement.

The typical temporal behavior given by Eqs. (14)–(1
are illustrated in Figs. 3 and 4. The condition (16) yie
τc = 3.18× 10−3 andac = 10.1 for Ra= 105 andγ = 0.6,
as shown in Fig. 3. Ther1-value reaches the maximum
τ = τm. Up to this characteristic time the results obtain
from the linear theory are almost the same as the pre
ones. Even afterτ = τm, the formerr1-value continues to
increase with time. The correspondingτu-values are see
in Fig. 4. The above figures show that the character
times increase with decreasingRa. Sinceτm � τu ensuing
convection is observed atτ = τu.

A peculiar behavior, however, is shown in Fig. 5. W
Ra= 15000 andγ = 0.9, the growing thermal instability

Fig. 2. Temporal behavior of temperature and velocity fluctuations. A
τ = τm, ther1-value is the maximum.
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Fig. 3. Temporal growth rates with time:τc , onset time of intrinsic
instability; τD , detection time of convective motion(∼= τm).

Fig. 4. Nusselt number versus time:τc , onset time of intrinsic instability;
τu, undershoot time.

sets in atτ = 5.4 × 10−2. It first grows and then decay
with time. Finally, convective motion disappears asτ → ∞.
It is noted that withγ = 0.9, as τ → ∞, Ra(1 − γ ) =
1500, which is smaller than the well-known critical Raylei
number 1708, andNu= 1 − γ . The value 1708 is obtaine
by using the temperature differenceTb − Tu instead of�T

in the modified Rayleigh number. Up toτ = 1.0, the linear
theory yields almost the samer1-value as that from the
nonlinear equations, as shown in Fig. 5. In this case,τu is not
clear in the plot ofNuvs.τ , whereτu becomes meaningles
The temporal behaviors ofw′

rms andθ ′
rms are shown in Fig. 6

with which the maximum magnitudes ofw′ andθ ′, i.e.,w′
max

and θ ′
max, are compared. It is known that their trends

almost the same. Even though the maximum magnitud
Fig. 5. Peculiar behavior of temporal growth rates forγ = 0.9, wherein
Ra(1− γ ) < 1708.

Fig. 6. Peculiar behavior of fluctuations forγ = 0.9. The r1-value is the
maximum atτ = τm.

fluctuations atτ = 10−3 is a little larger than that atτ = τc,
the domain ofr1 < r0 is here said to be stable. The stran
behaviors ofw′

rms andθ ′
rms at the earlier stage are also se

for Ra= 105 and γ = 0.6 in Fig. 2. It is known that the
present simulation becomes valid asτ → τc. For Pr → ∞,
the effect of the initial velocity magnitudeB(0) in Eq. (9) on
τc andθ ′

rms is not significant.
With increasingγ , the τm/τc-value decreases but th

τu/τc-ratio increases. Comparing theτm-value in Fig. 3
with that in Fig. 5, we suggest thatτD

∼= τm because the
result from the linear theory deviates from the nonlinear
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Fig. 7. Comparison of predictions withavailable experimental data, where
τc < τm � τu: τc onset time of intrinsic instability;τu, undershoot time. At
τ = τm, ther1-value is the maximum.

nearτ = τm in the former case. This means that convec
motion can be detected earlier atτ = τD (� τu).

Ueda et al. [9] measuredτD-values by using aluminum
powders forγ = 0.73–1.67, Pr = 8800 andRa= 9000–
17 000, as shown in Fig. 7. Their predictions from the am
fication theory agree reasonably well with their experim
tal data, but their amplification factor is not a decisive o
The experimental data of Inoue et al. [13] forγ = 0 are also
shown in Fig. 7. The above experimental environments m
be considered as those ofPr → ∞. The predictions of Kim
et al. [10] represented byτ ∗

c is located nearτc. This means
that for Ra� 15 000 the stability criteria from the prop
gation theory are almost the same as the present ones
it is noted that with increasingRa the difference betwee
these two predictions becomes relatively larger. Foster
suggested the relation ofτD

∼= 4τc, which agrees reasonab
well with τu andτm for γ Ra−1/3 � 0.02. With increasingγ
for 0.6< γ < 1, theτD- andτm-values decrease and the d
ference betweenτc andτu becomes larger. In thisγ -range,
it may be stated that, for a givenRa, convective motion is
detected earlier with increasingγ . This peculiar behavio
supports the relation ofτD

∼= τm. The presentac-value is
compared with the experimental value of Ueda et al. [9] an
that from the propagation theory in Fig. 8. The agreeme
good because theγ -effect on the cell size is not significa
for Ra∼= 15 000.

The presentτc-value does not vary for a given set ofRa,
Pr and γ values but theτm- and τu-values decrease wit
increasing theA(0)-value forγ = 0. The present simulatio
with A(0) = 10−3 seems to reasonably represent ac
processes of largePr for τ � τc (see the case ofγ = 0 in
Fig. 7). But we do not know what kind of initial condition
exist at τ = 0. It is believed that thermal instabilities a
triggered by thermal noises. These microscopic noises
appear as fluctuations of the macroscopic velocity
t,

Fig. 8. Comparison of critical wavenumbers between numerical
experimental data.

temperature fields. Therefore, the present simulation resul
are not valid before definitive fluctuations appear. Wh
fluctuations grow while the basic field is growing mo
rapidly, then fluctuations would appear to be decaying. Th
concept supports the instability criterion (16). From the
above considerations it is stated that the results from
present model are valid forτc � τ � τm. For extremely
small-Pr systems,r1 would not be represented by Eq. (1
since the effect of the kinetic energy onτc becomes
dominant. Therefore, this equation should be used for la
Pr systems. It is stressed that atτ = τc the convective
instability driven by thermal noises is rarely detectable
eye and should grow until convective motion is detecte
τ = τD . The convective motion is related to the veloc
fields. Therefore, it seems thatτD is decided by the kinetic
energy identity (b = 0 in Eq. (11)). ForPr → ∞, the r1-
behavior with b = 0 is almost the same as the therm
one. For smallPr, the kinetic effect would be decisive i
detection of convective motion. The decision of theb-value
for a finitePr requires a further justification.

5. Conclusion

For Pr → ∞, the critical time to mark the onset o
convective instability in the conduction regime shown
Fig. 1 has been investigated by using the FEM withA(0) =
10−3. This A(0)-value produces theτu-value in agreemen
with the experimental one forRa� 105 with γ = 0. It is
suggested that in the present system a fastest growing m
of regular cells would set in atτ = τc with r0 = r1. Hereτc

has been called the onset time of intrinsic instability beca
it is invariant, which is independent of theA(0)-value, for
a given set of values ofRa, Pr and γ . Since the linear
theory is applied up toτ ∼= τm (� τu), manifest convection
is surely observed atτ = τu. But convective motion can
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be detected earlier atτ = τD (� τu) and, therefore, we
suggest thatτD

∼= τm. For Ra= 15 000 andPr → ∞, the
τm-value has the maximum nearγ = 0.6 which is consisten
with the available experimental data. For 0.6 < γ < 1, it
is known that theτm/τc-value decreases with increasi
γ . The present numerical simulation follows the actua
phenomena reasonably well forτc � τ � τu and clarifies the
meaning ofτc, τD andτu to a certain degree.
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